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The  results  in  all  subjects  are  excellent with  a  few  exceptions.  In  grade  4,  for  example,  deviations  from  perfect  fit  are 

indicated by red and blue shading. The  further above 10 the darker the red, and the  further below 10 the darker the blue. In 

instances where  large deviations  from 10 occur, the  likely cause  is  that  there  is a mass point associated with certain scale 

scores that makes it impossible to “split” the score at a dividing point forcing a majority of the scores into an adjacent cell. 

This is the case with all large deviations observed in the Washington data. 

 
4.1     Student Level Results 

To  investigate  the possibility  that  individual  level misfit might  impact summary  level  results,  student growth percentile 

analyses were run on all students and the results were examined relative to prior achievement. With perfect fit to data, the 

correlation between students’ most recent prior achievement scores and  their student growth percentiles  is zero.  (i.e.,  the 

goodness  of  fit  tables  would  have  a  uniform  distribution  of  percentiles  across  all  previous  scale  score  levels).  To 

investigate in another way, correlations between prior student scale scores and student growth percentiles were calculated. 
2  The results are presented in Table 4: 
 

Table 4: Correlations between prior standardized scale score and Cohort 

SGPs by Grade and Content Area 

Grades 

Content Area  4  5  6  7  8  9  10 

Reading  ‐0.012    ‐0.003    ‐0.001  0    ‐0.005  ‐0.001 

Mathematics  ‐0.006    ‐0.002    ‐0.001  0    ‐0.003 

EOC Mathematics 1  0.003     0.003   0.008    ‐0.007 

EOC Mathematics 2  0.002     0.005 

 
Here  we  see  that  there  is  no  correlation  at  the  individual  student‐level  between  growth  and  prior  achievement.  This 

provides assurance that the models have fit the data well, and indicate that students can demonstrate high (or low) growth 

regardless of prior achievement. We now proceed to a discussion of results at the institution level. 

 
4.2     Group Level Results 

Unlike when  reporting  SGPs  at  the  individual  level, when  aggregating  to  the  group  level  (e.g.,  school)  the  correlation 

between aggregate prior student achievement and aggregate growth is  rarely zero. The correlation between prior student 

achievement  and  growth  at  the  school  level  is  a  compelling  descriptive  statistic  because  it  indicates whether  students 

attending schools serving higher achieving students grow faster (on average) than those students attending schools serving 

lower achieving students. Results  from previous state analyses show a correlation between prior achievement of students 

associated with a current school (quantified as percent at/above proficient) and the median SGP  to be between 0.1 and 0.3. 

That  is,  these  results  indicate  that  on  average,  students  attending  schools  serving  lower  achieving  students  tend  to 

demonstrate  less  exemplary growth  than  those  attending  schools  serving higher achieving  students. Equivalently, based 

upon  ordinary  least  squares  (OLS)  regression  assumptions,  the  prior  achievement  level  of  students  attending  a  school 

accounts  for between 1 and 10 percent of the variability observed  in student growth. There are no definitive numbers on 

what  this  correlation  should  be,  but  recent  studies  on  value‐added models  show  similar  results  (McCaffrey, Han,  and 

Lockwood, 2008).  

 
4.2.1      School Level Results 

To  illustrate  these relationships visually, the bubble charts  in Figures 1 and 2 depict growth as quantified by  the median 

SGP  of  students  at  the  school  against  achievement/status,  quantified  by  percentage  of  student  at/above  proficient 

(advanced) at the school. The charts have been successful in helping to motivate the discussion of the two qualities: student 

achievement and student growth. Though the  figures are not detailed enough to  indicate strength of relationship between 

growth and achievement, they are suggestive and valuable  for discussions with stakeholders who are being  introduced to 

the growth model for the first time. 
 

 
Fig. 1    School‐level Bubble Plots for Washington State: Reading, 2012‐2013. 
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Fig. 2 School-level Bubble Plots for Washington State: Mathematics, 2012-2013.
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An infant male toddler is measured at 2 and 3 years of age and is shown to have grown 4 inches. The magnitude of increase -
4 inches - is a well understood quantity that any parent can grasp and measure at home using a simple yardstick. However,
parents leaving their pediatrician’s office knowing only how much their child has grown would likely be wanting for more
information. In this situation, parents are not interested in an absolute criterion of growth, but instead in a normative
criterion locating that 4 inch increase alongside the height increases of similar children. Examining this height increase
relative to the increases of similar children permits one to diagnose how (a)typical such an increase is.
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Fig. 3 Figures depicting the distribution associated with 2011 and 2012 student scale scores together with the conditional distribution
and associated growth percentile.
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It is important to note that Washington State is not incorporating adequate growth in any accountability measures at this
time; these targets are provided as an additional descriptive measure to assist in school improvement.
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growth percentile cut required to reach proficiency. If the student’s growth percentile meets or exceeds it then the 
student is deemed on track to reach proficient. 

 

Last, the 3 year growth percentile projections/trajectories are established. The student’s actual grades 3 & 4 scale 
scores  together with  the  99  hypothetical  1  and  2  year  growth percentile  projections/trajectories derived  in  the 
previous two steps are plugged into the coefficient matrix relating grade 7 with prior achievement in grades 3, 4, 
5 & 6. This yields the percentile cuts for each student indicating what three consecutive years of 1st  through 99th 

percentile growth will  lead  to  in terms of future achievement. The  student’s observed 2014 growth percentile  is 
again  compared  to  the  percentile  cut  required  to  reach proficiency,  and  if  it  exceeds  it her growth  is  deemed 
adequate enough to reach proficiency by the 7th grade. 

 
 
This  process  repeats  in  a  similar  fashion  as  the  student  progresses  from  one  grade  to  the  next,  year  after  year.  The 

complexity of the process  just described  is minimized by  the use of the  R  software environment (R Core Team, 2013)  in 

conjunction with an open  source  software package  SGP  (Betebenner, VanIwaarden, Domingue & Shang, 2013)  

developed by  the National Center  for  the  Improvement of Educational Assessment  in  consultation with  the Washington 

State Office of Superintendent of Public  Instruction  (OSPI)  to  calculate  student growth percentiles  and percentile  growth 

projections/trajectories. Every year, following the completion of the WCAP score reconciliation, student growth percentiles 

and percentile growth trajectories are calculated for each student. Once calculated, these values are easily used to make the 

yes/no determinations about the adequacy of each student’s growth relative to his/her fixed achievement targets. 

 
5.6.1      Special Considerations for Washington 

As noted above, there is no reading test administered in the 9th grade, and the 10th grade analyses incorporate this skipped 

year in the production of student growth percentiles and associated coefficient matrices. This gap, in combination with the 

2‐year growth target, means that 7th grade growth targets have a single year horizon (2 years out would be their 9th grade 

year).  Similarly,  8th  grade  targets  rely  on  a  single  year  projection  as they  are  projected  over  the  9th  grade  gap  using  

the  coefficient  matrix  relating  grade  10  with  grades  3  through  8  prior  achievement.  This,  like  other  terminal  grade 

projections, is equivalent to just checking whether the student reached proficient in the current year. 

 
Currently  growth projections  and  adequate  growth  analyses  have  not  been  conducted  for  the  EOC Mathematics  courses. 

However, the ability to produce them using the  SGP  package is currently under development and Washington may pursue 

their production and use in the future. 

 
5.6.2      Changes in Assessment Programs 

Many  states will  soon switch  from  their current assessment programs  to one of  the  assessments aligned  to  the Common 

Core  State  Standards  (CCSS),  such  as  Smarter Balanced Assessment Consortium’s  (SBAC)  tests. This  change will  have  a 

significant  impact on  the  ability  to produce  growth projections  and make  judgments  about growth adequacy. Although 

cohort  referenced  SGPs would  still  be  produced  (conditioning  on  the WCAP  assessment  program  test  scores),  growth 

projections/targets would not be available  in the  first year after a switch. In  the  second year, one year growth projections 

could be produced, two year projections the year after that and so on. 

 
5.7     System‐wide Growth and Achievement Charts 

Operational work  calculating  student growth percentiles with  state  assessment data yields  a  large  number of coefficient 

matrices derived from the estimation. These matrices, similar to a lookup table, “encode" the relationship between 

prior and  current achievement scores  for students  in  the  norm group  (usually  an entire  grade  cohort of  students  for  the 

state) across all percentiles and can be used both to qualify a student’s current level growth as well as predict, based upon 

current levels of student progress, what different rates of growth (quantified in the percentile metric) will yield for students 

statewide. 

 
When rates of growth necessary to reach performance standards are  investigated, such calculations are often referred to as 

“growth‐to‐standard”. These analyses serve a dual purpose  in that they provide  the growth rates necessary to reach these 

standards  and  also  shed  light  on  the  standard  setting  procedure  as  it  plays  out  across  grades.  To  establish  growth 

percentiles  necessary  to  reach  different  performance/achievement  levels,  it  is  necessary  to   investigate  what  growth 

percentile is necessary to reach the desired performance level thresholds based upon the student’s achievement history. 

 
Establishing   criterion   referenced   growth   thresholds   requires   consideration  of  multiple   future   growth/achievement 

scenarios.  Instead  of  inferring  that  prior  student  growth  is  indicative  of  future  student  growth  (e.g.,  linearly  projecting 

student  achievement  into  the  future  based  upon  past  rates  of  change),  predictions  of  future  student  achievement  are 

contingent upon  initial  student  status  (where  the  student  starts)  and. subsequent  rates  of  growth  (the  rate  at which  the 

student grows). This avoids  fatalistic statements such as, “Student      is projected  to be  (not) proficient  in  two years” and 

instead promotes discussions about the different rates of growth necessary to reach future achievement targets: “In order 
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Fig. 4 Growth chart depicting future mathematics achievement conditional upon consecutive 10 , 35 , 50 , 65  and 90  percentile
growth for a student beginning the third grade at the cutpoint between lowest and next to lowest achievement levels.
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Fig. 5 Growth chart depicting future reading achievement conditional upon consecutive 10 , 35 , 50 , 65  and 90  percentile
growth for a student beginning the third grade at the cutpoint between the achievement level 2 and achievement level 3.
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seven projected 5th grade scores, the 5 projected 4th grade scores with the students actual third grade score, achievement
projections to the 6th grade are calculated using the most recent quantile regression of grade 6 on grades 3, 4, and 5. The
analysis extends recursively for grades 6 to 10 yielding the percentile growth trajectories in Figures 4 and 5. The figures allow
stakeholders to consider what consecutive rates of growth, expressed in growth percentiles, yield for students starting at
different points.

Figure 4 depicts percentile growth trajectories in mathematics for a student beginning at the threshold between
achievement level 1 and achievement level 2. Based upon the achievement percentiles depicted (the white contour lines),
approximately 15 percent of the population of 3rd graders rate as “Below Basic”.  Moving toward grade 8, the percentage of
Below Basic students increases to near 25 percent. The yellow lines in the figure represent seven different growth scenarios
for the student based upon consecutive growth at a given growth percentile, denoted by the right axis. At the lower end, for
example, consecutive 10th percentile growth leaves the student, unsurprisingly, mired in the Below Basic category.
Consecutive 10th, 35th, and 50th percentile growth also leave the student in the Below Basic category. Even consecutive 65th

percentile growth may not be enough to lift these students above Basic into the Proficient category.  This demonstrates how
difficult probabilistically, based upon current rates of progress, it is for students to move up in performance level in math
statewide. Considering a goal of reaching proficient (next to top region) by 8th grade, a student would need to demonstrate
growth percentiles consecutively in excess of 65 to reach this achievement target indicating how unlikely such an event
currently is. In light of NCLB universal proficiency mandates, the growth necessary for non-proficient students to reach
proficiency, absent radical changes to growth rates of students statewide, is likely unattainable for a large percentage of
non-proficient students.

Figure 5 depicts percentile growth trajectories in reading for a student beginning at the partially proficient/proficient
threshold in grade 3. In a normative sense, the performance standards in reading are less demanding than those in
mathematics (particularly in the higher grades) with approximately 30-35 percent of students are below proficient in grades
3 to 8, decreasing to 20 percent in 10th grade. The yellow lines in the figure represent five growth scenarios for the
hypothetical student based upon consecutive growth at a the given growth percentile. Compared with the growth required
in mathematics, more modest growth is required to maintain proficiency in reading. Typical growth (50th percentile
growth) appears adequate for such a student to move up into the proficiency category.

5.8  Student Growth Percentile Estimation
Calculation of a student’s growth percentile is based upon the estimation of the conditional density associated with a
student’s score at time  using the student’s prior scores at times  as the conditioning variables. Given the
conditional density for the student’s score at time , the student’s growth percentile is defined as the percentile of the score
within the time  conditional density. By examining a student’s current achievement with regard to the conditional density,
the student’s growth percentile normatively situates the student’s outcome at time  taking account of past student
performance. The percentile result reflects the likelihood of such an outcome given the student’s prior achievement. In the
sense that the student growth percentile translates to the probability of such an outcome occurring (i.e., rarity), it is possible
to compare the progress of individuals not beginning at the same starting point. However, occurrences being equally rare
does not necessarily imply that they are equally “good.” Qualifying student growth percentiles as “(in)adequate,” “good,”
or as satisfying “a year’s growth” is a standard setting procedure requiring external criteria (e.g., growth relative to state
performance standards) combined with the wisdom and judgments of stakeholders.

Estimation of the conditional density is performed using quantile regression (Koenker, 2005).  Whereas linear regression
methods model the conditional mean of a response variable  , quantile regression is more generally concerned with the
estimation of the family of conditional quantiles of . Quantile regression provides a more complete picture of both the
conditional distribution associated with the response variable(s). The techniques are ideally suited for estimation of the
family of conditional quantile functions (i.e., reference percentile curves). Using quantile regression, the conditional density
associated with each student’s prior scores is derived and used to situate the student’s most recent score. Position of the
student’s most recent score within this density can then be used to characterize the student’s growth. Though many state
assessments possess a vertical scale, such a scale is not necessary to produce student growth percentiles.

In analogous fashion to the least squares regression line representing the solution to a minimization problem involving
squared deviations, quantile regression functions represent the solution to the optimization of a loss function (Koenker,
2005). Formally, given a class of suitably smooth functions, , one wishes to solve

where  indexes time,  are the time dependent measurements, and  denotes the piecewise linear loss function defined
by

th th

th

rd

th

th th th th

th

th

� �� ��� � � � �

�

�

�

�

�

�

��� � � �� ���������	����
���

	

�� � � � � ���

� � � ��

�
� � 
 � �� � ��
 � ��� � ���


 � �


 � �� � ��


 � �


 � �	
���



The elegance of the quantile regression Expression  can be seen by considering the more familiar least squares estimators.
For example, calculation of  over  yields the sample mean. Similarly, if  is the
conditional mean represented as a linear combination of the components of , calculation of  over 

 gives the familiar least squares regression line. Analogously, when the class of candidate functions  consists
solely of constant functions, the estimation of Expression  gives the th sample quantile associated with . By
conditioning on a covariate , the th conditional quantile function, , is given by

In particular, if , then the estimated conditional quantile line is the median regression line.

Following Wei & He (2006), we parametrize the conditional quantile functions as a linear combination of B-spline cubic
basis functions. B-splines are employed to accommodate non-linearity, heteroscedasticity and skewness of the conditional
densities associated with values of the independent variable(s). B-splines are attractive both theoretically and
computationally in that they provide excellent data fit, seldom lead to estimation problems (Harell, 2001, p. 20), and are
simple to implement in available software.

Figure 6 gives a bivariate representation of linear and B-splines parametrization of decile growth curves. The assumption
of linearity imposes conditions upon the heteroscedasticity of the conditional densities. Close examination of the linear
deciles indicates slightly greater variability for higher scale scores than for lower scores. By contrast, the B-spline
based decile functions better capture the greater variability at both ends of the scale score range together with a slight, non-
linear trend to the data.

Calculation of student growth percentiles is performed using R  (R Core Team , 2013), a language and environment for
statistical computing, with SGP  package (Betebenner, VanIwaarden, Domingue & Shang, 2013). Other possible
software (untested with regard to student growth percentiles) with quantile regression capability include SAS and Stata.
Estimation of student growth percentiles is conducted using all available prior data, subject to certain suitability
conditions. Given assessment scores for  occasions, ( ), the -th conditional quantile for  based upon 

 is given by

where ,  and  denote the B-spline basis functions. Currently, bases consisting of 7 cubic
polynomials are used to “smooth” irregularities found in the multivariate assessment data. A bivariate rendering of this is
found is Figure 6 where linear and B-spline conditional deciles are presented. The cubic polynomial B-spline basis
functions model the heteroscedasticity and non-linearity of the data to a greater extent than is possible using a linear
parametrization.

5.9 Discussion of Model Properties
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Fig. 6 Linear and B-spline conditional deciles based upon bivariate math data, grades 5 and 6.
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Student growth percentiles possess a number of attractive properties from both a theoretical as well as a practical
perspective. Foremost among practical considerations is that the percentile descriptions are familiar and easily
communicated to teachers and other non-technical stakeholders. Furthermore, implicit within the percentile quantification
of student growth is a statement of probability. Questions of “how much growth is enough?” or “how much is a year’s
growth?” ask stakeholders to establish growth percentile thresholds deemed adequate. These thresholds establish growth
standards that translate to probability statements. In this manner, percentile based growth forms a basis for discussion of
rigorous yet attainable growth standards for all children supplying a normative context for Linn’s (2003a)
existence proof with regard to student level growth.

In addition to practical utility, student growth percentiles possess a number of technical attributes well suited for use with
assessment scores. The more important theoretical properties of growth percentiles include:

Robustness to outliers Estimation of student growth percentiles are more robust to outliers than is traditionally the case
with conditional mean estimation. Analogous to the property of the median being less influenced by outliers than is the
median, conditional quantiles are robust to extreme observations. This is due to the fact that influence of a point on the 

-th conditional quantile function is not proportional (as is the case with the mean) to the distance of the point from the
quantile function but only to its position above or below the function (Koenker, 2005, p. 44).

Uncorrelated with prior achievement Analogous to least squares derived residuals being uncorrelated with
independent variables, student growth percentiles are not correlated with prior achievement. This property runs
counter to current multilevel approaches to measuring growth with testing occasion nested within students (Singer &
Willet, 2003) (singwill2003). These models, requiring a vertical scale, fit lines with distinct slopes and intercepts to each
student. The slopes of these lines represent an average rate of increase, usually measured in scale score points per year,
for the student. Whereas a steeper slope represents more learning, it is important to understand that using a normative
quantification of growth, one cannot necessarily infer that a low achieving student with a growth percentile of 60
“learned as much” as a high achieving student with the same growth percentile. Growth percentiles bypass questions
associated with magnitude of learning and focus on normatively quantifying changes in achievement.

Equivariance to monotone transformation of scale] An important attribute of the quantile regression methodology used
to calculate student growth percentiles is their invariance to monotone transformations of scale. This property, denoted
by (Koenker, 2005) as equivariance to monotone transformations is particularly helpful in educational assessment where a
variety of scales are present for analysis, most of which are related by some monotone transformation. For example, it is
a common misconception that one needs a vertical scale in order to calculate growth. Because vertical and non-vertical
scales are related via a monotone transformation, the student growth percentiles do not change given such alterations in
the underlying scale. This result obviates much of the discussion concerning the need for a vertical scale in measuring
growth.

Formally, given a monotone transformation  of a random variable ,

This result follows from the fact that  for monotone . It is important to note that
equivariance to monotone transformation does not, in general, hold with regard to least squares estimation of the
conditional mean. That is, except for affine transformations , . Thus, analyses built upon mean based
regression methods are, to an extent, scale dependent.

6 Appendix B - Model Fit Plots
6.1 Grade-Level Reading
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Fig. 7 Goodness of Fit Plot for Grade 4 Reading, 2012-2013 Academic Year.



Fig. 8 Goodness of Fit Plot for Grade 5 Reading, 2012-2013 Academic Year.



Fig. 9 Goodness of Fit Plot for Grade 6 Reading, 2012-2013 Academic Year.



Fig. 10 Goodness of Fit Plot for Grade 7 Reading, 2012-2013 Academic Year.



Fig. 11 Goodness of Fit Plot for Grade 8 Reading, 2012-2013 Academic Year.



Fig. 12 Goodness of Fit Plot for Grade 10 Reading, 2012-2013 Academic Year.



6.2 -  

Fig. 13 Goodness of Fit Plot for Grade 4 Mathematics, 2012-2013 Academic Year.



Fig. 14 Goodness of Fit Plot for Grade 5 Mathematics, 2012-2013 Academic Year.



Fig. 15 Goodness of Fit Plot for Grade 6 Mathematics, 2012-2013 Academic Year.



Fig. 16 Goodness of Fit Plot for Grade 7 Mathematics, 2012-2013 Academic Year.



Fig. 17 Goodness of Fit Plot for Grade 8 Mathematics, 2012-2013 Academic Year.



6.3   

Fig. 18 Goodness of Fit Plot for Grade 7 EOC Math 1, 2012-2013 Academic Year.



Fig. 19 Goodness of Fit Plot for Grade 8 EOC Math 1, 2012-2013 Academic Year.



Fig. 20 Goodness of Fit Plot for Grade 9 EOC Math 1, 2012-2013 Academic Year.



Fig. 21 Goodness of Fit Plot for Grade 10 EOC Math 1, 2012-2013 Academic Year.



6.4   

Fig. 22 Goodness of Fit Plot for Grade 9 EOC Math 2, 2012-2013 Academic Year (7th grade Math 1st Prior).



Fig. 23 Goodness of Fit Plot for Grade 9 EOC Math 2, 2012-2013 Academic Year (EOC Math 1 as 1st Prior).



Fig. 24 Goodness of Fit Plot for Grade 10 EOC Math 2, 2012-2013 Academic Year (7th grade Math 1st Prior).



Fig. 25 Goodness of Fit Plot for Grade 10 EOC Math 2, 2012-2013 Academic Year (EOC Math 1 as 1st Prior).
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